Rotochemical heating originates in a departure from beta equilibrium due to spin-down compression in a rotating neutron star. The main consequence is that the star eventually arrives at a quasi-equilibrium state, in which the thermal photon luminosity depends only on the current value of the spin-down power, which is directly measurable. Only in millisecond pulsars the spin-down power remains high long enough for this state to be reached with a substantial luminosity. We report an extensive study of the effect of this heating mechanism on the thermal evolution of millisecond pulsars, developing a general formalism in the slow-rotation approximation of general relativity that takes the spatial structure of the star fully into account, and using a sample of realistic equations of state to solve the non-superfluid case numerically. We show that nearly all observed millisecond pulsars are very likely to be in the quasi-equilibrium state. Our predicted quasi-equilibrium temperatures for PSR J0437-4715 are only 20% lower than inferred from observations. Accounting for superfluidity should increase the predicted value.
INTRODUCTION
Neutron star cooling is an important tool for the study of dense matter. By comparing cooling models with observations of thermal emission from these objects, we can gain insight into the equation of state (EOS) of dense matter, the signatures of exotic particles, superfluid energy gaps, and magnetic field properties [for a recent review, see Yakovlev & Pethick (2004) ]. A neutron star loses the thermal energy with which it was born initially through neutrino emission, and later through photon emission, the change between these two stages occurring about 10 5 yr after birth.
Several heating mechanisms may become important during late stages of the evolution of a neutron star, most of them related to the delayed adjustment to the progressively changing equilibrium state as the rotation slows down. These include the dissipation of rotational energy due to interactions between superfluid and normal components of the star (Shibazaki & Lamb 1989) and release of strain energy stored by the solid crust due to spin-down deformation (Cheng et al. 1992 ).
Another of these mechanisms is rotochemical heating (Reisenegger 1995) , which has its origin in deviations from beta equilibrium due to spin-down compression. As a neutron star spins down, the centrifugal 2. THEORETICAL FRAMEWORK
Basic Equations
It is conventional in neutron star cooling calculations to divide the star into two regions: a nearly isothermal interior, which ranges from the center out to density ρ b ∼ 10 10 g cm −3 , and a thin envelope, which ranges from ρ b to the surface and where a strong temperature gradient exists (Gudmundsson, Pethick, & Epstein 1983 ). Since we are modelling the thermal evolution of a MSP long after accretion has stopped, it is safe to assume that thermal relaxation from an initial non-uniform internal temperature profile has already occurred, so that the redshifted internal temperature,
is uniform (see, e.g., Glendenning 1997) . Here, g tt = −e 2Φ is the time component of the metric of a nonrotating reference star, of which r is the radial spherical coordinate. Although spherical symmetry is broken for a rotating star, we describe the latter as a perturbation to the corresponding non-rotating star (with the same total baryon number). We establish a Lagrangian correspondence between the surfaces of constant r in the non-rotating star with the constant-pressure surfaces of its rotating counterpart, on which all local thermodynamic quantities will be shown to be constant (see § 2.2). The evolution of the internal temperature is given by the thermal balance equation (Thorne 1977) , which for an isothermal interior is given bẏ
where C is the total heat capacity of the star, L ∞ H is the total power released by heating mechanisms, L ∞ ν is the total neutrino luminosity, and L ∞ γ is the photon luminosity. These quantities are calculated as
respectively, where dV = 4πr 2 √ g rr dr is the proper volume element, c V,i is the specific heat (heat capacity per unit volume) of each particle species, Q ν is the total neutrino emissivity contributed by reactions, Q H is the total heating rate per unit volume, σ is the Stefan-Boltzmann constant, R is the stellar coordinate radius, Φ s = Φ(R), R ∞ = Re −Φs is the effective radius as measured from infinity, and T ∞ s the redshifted effective temperature. The surface temperature T s is obtained from the internal temperature by assuming an envelope model (Gudmundsson et al. 1983; Potekhin et al. 1997 ).
Since the neutrino emissivity and heating rate are modified when the neutron star is out of chemical equilibrium (Haensel 1992; Reisenegger 1995) , the evolution of the temperature depends on how strongly it departs from the beta equilibrium state. For npeµ matter, this departure can be quantified by the chemical imbalances (Haensel 1992) :
η npµ = δµ n − δµ p − δµ µ ,
where δµ i = µ i − µ eq i is the deviation from the equilibrium chemical potential of species i, at a given pressure. Since diffusion timescales are short compared with the evolutionary timescales to be considered (Reisenegger 1997) , we assume uniform redshifted chemical potential deviations throughout the core:
To obtain the time evolution of the chemical imbalances, we start by writing down the chemical potential of each particle species as a function of the number density of all particles: µ i = µ i ({n j }). We assume small departures from chemical equilibrium, which can be expressed by requiring that |δµ i | ≪ µ eq i . In this approximation, the departures from the equilibrium particle number densities δn i = n i − n eq i are related to the δµ i by
where the partial derivatives are evaluated at the beta equilibrium state. To eliminate the effect of particle diffusion between different regions of the star, we integrate equation (10) over regions where free particles exist. After integration, we obtain the deviation from the equilibrium number of particles δN i as a function of the redshifted chemical potential lags:
with
where we have used equation (9) . Since the B ij do not depend on time, we invert and take the time derivative of equation (11), obtaining the evolution of the δµ ∞ i :
The rate of change of δN i is given by
is the change in the total number of particles of species i due to reactions (Thorne 1977) . Here, ∆Γ i α is the net creation rate of particles of species i per unit volume due to reaction α. It can be checked that theṄ i satisfy baryon number and charge conservation. The quantityṄ eq i is the change in the equilibrium value of the total number of particles of species i, which depends on the spin-down compression rate. We defer its calculation to the next subsection. The evolution of the redshifted chemical imbalances η ∞ = η(r)e Φ follows from equations (7), (8) , and (9):η
Equations (2), (16), and (17) give a complete description of the thermal evolution of a neutron star with rotochemical heating and npeµ composition, given an expression forṄ eq i .
Lagrangian Spin-down Compression Rate
For slow enough rotation frequencies, the deviation of the star from the non-rotating configuration can be treated as a small perturbation, which we describe in terms of a Lagrangian formalism. Using the fact that the total baryon number A of a star is conserved, we can describe its interior in terms of surfaces of constant pressure P enclosing a fixed number of baryons N (e.g., the surface P = 0 encloses A baryons inside it). As the stellar rotation rate changes, these surfaces will readjust their shapes, with a corresponding change in P , but keeping N constant. Since there is a one-to-one relation between the enclosed number of baryons N and the radial coordinate of the non-rotating configuration r (for fixed A), we use them interchangeably to identify a given surface, relating them by dN = 4πr 2 √ g rr ndr.
The underlying assumption is that, on a surface of constant pressure, the other thermodynamical quantities are also constant. This is straightforward for neutron-star matter in beta equilibrium (described by a barotropic equation of state), but not so obvious for departures from this state (which are not necessarily barotropic, as the pressure-density relation will also depend on the local particle abundances). We show in Appendix A that, in a uniformly rotating, perfect-fluid star in hydrostatic equilibrium, surfaces of constant pressure coincide with those of constant energy density and gravitational redshift, regardless of whether the equation of state is barotropic.
1 This, together with diffusive equilibrium (uniform redshifted chemical potentials everywhere in the stellar interior), ensures that the chemical composition on each surface is also constant.
To quantify the spin-down compression rate and thusṄ eq i , we need an expression for the change in pressure with rotation frequency on each surface enclosing a constant N , keeping A constant. Hartle (1967) developed a perturbative approach in the frame of general relativity, relating quantities on rotating and non-rotating stars with the same central energy density ρ c (but, therefore, different A), by expanding the metric of an axially symmetric non-rotating star in even powers of the angular velocity Ω. This perturbative approach is valid for stars rotating at frequencies much smaller than the Kepler frequency Ω K , at which mass shedding from the equator occurs. For realistic equations of state, this limiting frequency can be well approximated by means of empirical formulae (Lasota, Haensel, & Abramowicz 1996) . The corresponding Kepler periods, P K , are lower than the shortest MSP periods measured to date [see, e.g., The ATNF Pulsar Catalogue 2 (Hobbs et al. 2004) ]. Our task is to express our spin-down compression rate at constant A in terms of Hartle's results, which assume constant ρ c .
If the baryon number enclosed by a surface of constant pressure P in a rotating star is N = N (A, P, Ω 2 ), some partial-derivative manipulation yields
where the subscripts denote quantities which are kept constant in carrying out the differentiation. We note that (∂A/∂Ω 2 ) ρc and (∂A/∂ρ c ) Ω 2 are just (∂N/∂Ω 2 ) P,ρc and (∂N/∂ρ c ) P,Ω 2 , respectively, evaluated at the surface of the star (P = 0). Also, since we are perturbing around the non-rotating configuration, we can evaluate all the derivatives at Ω = 0. Hartle (1967) found that the lowest-order change in a given stellar property with rotation is linear in the squared angular frequency Ω 2 , for a star with fixed central density. We can thus write
and consider it independent of Ω 2 . To find the number of baryons enclosed by a surface of constant pressure, we recall the baryon number conservation law (Misner & Sharp 1964) , and write
where g is the determinant of the metric, u t is the time component of the fluid's four-velocity, n is the rest frame baryon number density, and V is the spatial volume enclosed by the constant pressure surface (throughout this section, we use G = c = 1). For the non-rotating case, we have
where g rr = e 2Λ = (1 − 2M/r) −1 is the radial component of the non-rotating metric. For the rotating case, one has to express the perturbed metric of Hartle (1967) in the non-rotating coordinate system. Keeping terms to order Ω 2 , we get
where m, h, and k are metric-perturbing functions which are proportional to Ω 2 and can be separated into spherical and quadrupolar parts,ω is the difference between the star's rotation frequency and the framedragging frequency, and ξ is a Lagrangian displacement that relates surfaces of constant ρ in rotating and non-rotating stars of the same ρ c (Hartle 1967) . The spherical polar angle is θ, and the mass enclosed inside the radius r is M . Replacing equations (22) and (23) in (20), keeping terms to order Ω 2 , taking the angular integral, and integrating by parts in r, we get
The functionsω, m 0 , ξ 0 are obtained by solving first and second-order differential equations in the coordinate r, as explained in Hartle (1967) , and which need a value for the rotation rate of the star Ω and a non-rotating relativistic stellar structure as input. The zero subscript on functions indicates their spherical part (the quadrupolar part vanishes when performing the angular integral, and the function k has no spherical part).
The remaining derivatives in equation (18) can be obtained from the non-rotating configuration. We first have
where dP/dr can be calculated analytically from the relativistic stellar structure equations (Oppenheimer & Volkoff 1939) . The other derivative has to be obtained by differentiating equation (21) 
For numerical calculations, it is convenient to write the derivative in the first term of the right-hand side as
in order to calculate the three derivatives with constant r in the same way.
The resulting spin-down compression rate, equation (18), is plotted in Figure 1 , normalized by pressure and Kepler frequency. The left panel displays results obtained for different EOSs, with fixed central pressure, while the right panel shows results for different stellar models and fixed EOS. As expected, the expression is negative, since spin-down compression means increase in P with decrease of Ω 2 . Compression is strongest at the center of the star. It can be shown that the central value is given by
where γ = d log P/d log ρ is the adiabatic index, and the subscripts c mean central values. Since (∂A/∂ρ c ) Ω 2 = 0 for the maximum mass non-rotating configuration, the divergence of the result for M → M max , as shown in the right panel of Figure 1 , is easy to understand. The graphs confirm the order-of-magnitude expression
which implies that the perturbation is small as long as Ω ≪ Ω K .
With our expression for the spin-down compression rate at hand, we can write the change in the equilibrium number of particles of species i with time aṡ
where the derivative dY eq i /dP is calculated in beta equilibrium. It is straightforward to check that theṄ eq i satisfy baryon number and charge conservation.
Effect of a Phase Transition
The variables N and P are clearly continuous functions of r in the non-rotating star, regardless of the presence of a phase transition. In Appendix B, we show explicitly that the same is true for (∂P/∂Ω 2 ) N,A . On the other hand, the equilibrium particle concentrations may have a discontinuous jump ∆Y eq i at the transition, which would contribute a Dirac delta function to dY eq i /dP . Therefore, there would be a finite contribution toṄ eq i from the transition,
To order of magnitude, the fractional contribution of a phase transition to the total value ofṄ eq i (and to the total heating of the star, if the reactions are of the same kind everywhere) is the ratio of the jump ∆Y eq i to the total variation in Y eq i across the stellar core. In the present work, as described in the following sections, phase transitions are not important, as the only transition in one of our EOSs is fairly weak 4 . In other cases, such as a star with a core of deconfined quarks of fairly uniform relative abundances, the phase transition may dominate the heating.
In order to maintain diffusive equilibrium, a finite number of particles per unit time,Ṅ eq i | trans , must be brought to (or, if negative, away from) the phase transition much faster than the latter progresses due to the spin-down of the star. Therefore, a phase transition is the place where our assumption of diffusive equilibrium is most strongly put into question. However, in the case of interest to us, the low temperatures (implying long mean-free paths and therefore fast diffusion) and the extremely slow evolution should still validate this approximation. Glendenning (1992) has shown that, due to the presence of two separate conserved charges (baryon number and electric charge), phase transitions in neutron stars may not occur as a single discontinuity, but instead through a mixed phase, in which both phases coexist over a finite range in pressure (or stellar radius). In this case, any discontinuities would be considerably weakened, if not fully eliminated, and we do not expect any special effects (such as discussed above) associated with the phase transitions.
INPUT FOR THE NON-SUPERFLUID CASE
To implement the formalism of §2 numerically for the non-superfluid case, we need as input an EOS, neutrino emissivities, a specific heat, and an envelope model. We then have to calculate the stellar structure and the corresponding integrals over the star.
Equations of State
Since our formalism requires a detailed knowledge of the structure of the star, we need an EOS to determine the spatial dependence of the thermodynamical quantities by solving the relativistic stellar structure equations (Oppenheimer & Volkoff 1939) . In addition to the usual variables given in most published EOSs (pressure, energy density, chemical composition, and adiabatic index, all evaluated in chemical equilibrium), we need to know the partial derivatives of equation (10) (which are easy to compute if we know the energy density or energy per baryon of interacting particles as a function of baryon number density and proton fraction) and the baryon effective masses for computing reaction rates and heat capacities. We also want to cover a broad range of EOSs, in order to assess the dependence of the quasi-equilibrium temperature on their properties. Given our requirements, we have used three sets of EOSs:
2. five representative EOSs from Prakash, Ainsworth & Lattimer (1988) (BPAL) for the core, with the same EOSs for the inner and outer crust as for the previous set; and 3. a non-interacting Fermi gas (see, e.g., Shapiro & Teukolsky 1983) for the whole star.
In Table 1 we list, for each EOS, the mass M , central energy density ρ c , coordinate radius R, and effective radius as seen from infinity R ∞ of the maximum-mass non-rotating configuration.
Since in the APR set the thermodynamical quantities are obtained from an analytical fit to tabulated many-body calculations (Akmal et al. 1998) , care has to be taken when interpreting results obtained for densities higher than the highest tabulated value, since extrapolation can lead to significant errors. This is the reason why we do not list the maximum-mass configuration for the A18 + δυ EOS. Another feature of this set is that the A18 + δυ + UIX* EOS becomes non-causal at densities greater than 2 × 10 15 g cm −3 , which is the central density of a star of 2.14M ⊙ , slightly below the maximum mass formally allowed for this EOS, M max = 2.19M ⊙ . However, this EOS is considered to be the state of the art among those derived from non-relativistic potentials, since it incorporates three-nucleon interactions and relativistic boost corrections (Akmal et al. 1998) . For this reason, we will in what follows take it as our reference EOS.
The EOSs of the BPAL set are labelled according to Prakash et al. (1997) , who characterize them by the different magnitude of their nuclear incompressibility and density dependence of their symmetry energy. The values for the Fermi gas EOS listed in Table 1 correspond to a central density slightly below the appearance of Σ − hyperons.
The A18 + δυ + UIX* EOS has an additional feature: a phase transition associated with the appearance of a neutral pion condensate at a density ∼ 4 × 10 14 g cm −3 . In order to connect the normal phase with the pion-condensed one, we assumed a Maxwell transition, which implies a discontinuity in all thermodynamical quantities but the temperature, pressure and neutron chemical potential, resulting in an energy-density jump of 6.6%. Akmal et al. (1998) also considered the possibility of a mixed-phase transition (e.g., Glendenning 1992), concluding that (for a standard, 1.4M ⊙ neutron star) the shell containing the mixed phase is only ∼ 40 m thick. They also estimated the Debye screening length of electrons to be smaller than the characteristic size of structures (by a factor 6-12), which would favor the Maxwell transition as a better approximation to the real situation (Heiselberg, Pethick, & Staubo 1993) . Table 1 are the Kepler periods P K = 2π/Ω K corresponding to most of the EOSs, which are necessary in order to determine the extent to which the slow-rotation approximation holds for treating the spin-down compression. The APR and PAL values were computed with the empirical formula of Lasota et al. (1996) . This gives, for each EOS, the maximum allowed rotation frequency in terms of the mass and radius of the maximum-mass non-rotating configuration. The accuracy for non-causal EOSs is somewhat lowered from its optimal value of 1.5% (Lasota et al. 1996) , which applies for A18 +δυ + UIX*. The reason why the entry corresponding to A18 + δυ is empty is that its maximum mass configurations occur at a central density which requires substantial extrapolation, making the empirical formula an unreliable estimator of P K . For the Fermi gas EOS, we adopt the exact value calculated for a pure neutron gas by Haensel, Salgado, & Bonazzola (1995) , since the empirical formula of Lasota et al. (1996) does not work for this case. So far, the fastest known MSP is PSR B1937+21, with a period of 1.56 ms (Backer et al. 1982) , which is about three times longer than Kepler periods for all realistic EOSs.
Also listed in

Neutrino Emissivity
Since we are not taking superfluidity into account, direct and modified Urca reactions are the dominant neutrino emission mechanisms. We have therefore neglected additional neutrino emission processes in the core and the crust of the star, and ignored possible modifications in Urca rates due to the neutral pion condensate of the APR set (see, e.g., Khodel et al. 2004 ).
Away from beta equilibrium, neutrino emissivities and net reaction rates per unit volume of Urca-type reactions in non-superfluid matter are given by (Haensel 1992 )
respectively, where Q eq α is the neutrino emissivity in equilibrium due to reaction α, η α is the chemical imbalance affected by reaction α, T is the local temperature, n is the baryon number density, k is Boltzmann's constant, and F * and H * are dimensionless control functions which depend on whether the reaction is of direct of modified Urca type. These functions are given by (Reisenegger 1995 )
where the subscripts D and M mean direct and modified Urca, respectively. A finite η α of either sign enhances neutrino emission due to the even nature of the functions F * . The amount of energy released by each reaction of type α is η α (Reisenegger 1995) , thus the total energy dissipation rate per unit volume is
with the signs defined by
where Γ A→B is the rate per unit volume of the reaction that transforms the particle set A to the set B. This sign convention ensures that reaction rates are enhanced in the direction which restores equilibrium, since the functions H * are odd.
The equilibrium emissivities of both direct and modified Urca reactions can be written as
where S α is a slowly varying function of n, q = 6 for direct Urca, and q = 8 for modified Urca (e.g., Yakovlev et al. 2001) . This decoupling of the temperature from the spatial part introduces a great simplification. To obtain the non-equilibrium neutrino luminosities and net reaction rates, we first define
where we have used equations (1), (5) and (9), and where L ∞ α,eq is the equilibrium neutrino luminosity due to reaction α. Combining equations (32), (33), (42) and (43), we obtain
We denote modified Urca reactions with electrons and muons by α = M e and α = M µ, respectively, in each case adding the contributions of the neutron and proton branches (Yakovlev et al. 2001) . Direct Urca with electrons or muons is denoted by α = De and Dµ, respectively. From the APR set, the only EOS which allows direct Urca is A18 + δυ + UIX*, exceeding the threshold for direct Urca with electrons at ρ De = 1.59 × 10 15 g cm −3 , which is the central density of a star of 2 M ⊙ . Direct Urca with muons lies in the non-causal regime. With the exception of BPAL31, all the EOSs of the PAL set allow electron direct Urca. Muon direct Urca is forbidden for both BPAL21 and BPAL31.
Combining equations (4), (9), (33), (38), (42), and (45), we obtain the heating luminosity corresponding to the reaction α L
We can combine the heating and cooling contributions of each reaction into a single expression, which will prove to be useful for physical insight. If we define
we can write the difference of equations (44) and (46) as
Thus, the relative size of η ∞ α and kT ∞ will determine, through the functions M * , whether there is net cooling or heating due to the neutrino emitting reactions. Since the functions M * are even, they do not depend on the sign of the ξ α . We plot the functions M * (ξ) for the direct and modified Urca case in Figure 2 . With ξ = 0, the constant term in F * gives the conventional cooling case. As |ξ| grows, the cooling is enhanced by the additional neutrino emission due to the chemical imbalance, reaching a maximum cooling at |ξ| ∼ 3.5. For larger values of |ξ|, the heating becomes important, completely balancing the cooling for |ξ| ∼ 5.5. For very large values of |ξ|, the heating dominates, growing as ∼ ξ 6 and ∼ ξ 8 in the direct and modified Urca case, respectively. In this limit, a fixed fraction of the energy released is emitted as neutrinos, 3/8 and 1/2 for modified and direct Urca, respectively. The remainder stays behind, heating the star.
Envelope
Since we want to simulate the evolution of a MSP which has finished accretion, we use the fully accreted envelope model of Potekhin et al. (1997) to calculate the effective surface temperature
where g 14 is the surface gravity in units of 10 14 cm s −2 , T ∞,8 is the internal temperature in units of 10 8 K, and Φ b ≡ Φ(r b ). The photon luminosity then follows from equation (6). An accreted envelope is more heat transparent than a pure iron one for T s 10 5 K, leading to faster cooling, whereas for T s 10 5 K the opposite happens (Potekhin et al. 1997 ).
Heat Capacity
To calculate the integral in equation (3), we use the specific heat capacities at constant volume c V,i for degenerate, non-superfluid fermions (see, e.g., Levenfish & Yakovlev 1994) . In analogy with the neutrino emissivity, we can separate the temperature dependence from the spatial one. From equation (3), we can defineC
where p F i and m * i are the Fermi momentum and effective mass of species i, respectively. The latter can be obtained analytically for the APR and PAL EOSs (see, e.g., Page et al. 2004) , while for the noninteracting Fermi gas we use m * i = µ i /c 2 , where µ i is the chemical potential of species i. The sum is performed over all particle species and the integral is done over the region where each particle species exists. We take only free particles into account, neglecting the heat capacity due to the lattice of ions in the crust.
Crustal Processes
In this work, we are neglecting processes in the crust which might also modify the total number of neutrons, protons, or electrons. We may ask here if this choice is a good approximation for computing the evolution of the chemical imbalances, since the short diffusion timescale limit means that the chemical equilibrium everywhere in the star can be restored by reactions occurring wherever these are fastest. Iida & Sato (1997) calculated the heating of a neutron star due to spin-down compression in the crust. They found that neutron absorptions in the inner crust are the dominant non-equilibrium process, producing a very small heating rate H(t) ≈ 5 × 10 −7Ė , whereĖ is the spin-down power. Although they did not consider neutron diffusion between different layers in the star, and modelled the spin-down compression as a one-dimensional process, we take their result to suggest a very small contribution to the total heating. Since the inner crust accounts for about 2% of the total baryons in the star and the neutrino emissivities of the core overwhelm crustal emission processes, we integrated equations (12) only over the core and neglected processes in the crust, under the assumption that the error introduced would be small. Our results confirm our assumption, since for the more realistic EOSs we obtained heating rates due to core processes much bigger than Iida & Sato's results (see equation 69). We have to warn that neglecting the crust may not be a good approximation if superfluidity is included, since non-equilibrium processes in the crust can even overtake suppressed Urca reactions in the core. It has also been suggested by Gusakov et al. (2004) that direct Urca reactions could occur at the crust-core interface. We have not explored this possibility. However, we are aware that even a small amount of direct Urca reactions in the inner crust would have a significant effect on the evolution of chemical imbalances.
Thermal Evolution Equations
Finally, we write the coupled equations for the time evolution of the temperature and the chemical imbalances explicitly for the non-superfluid case with npeµ composition, taking direct or modified Urca reactions into account. For the internal temperature, from equations (2), (3), (4), (5), (6), (48), and (50), we getṪ
For the chemical disequilibria, using equations (11), (14), (15), (16), (17), and (30), we obtaiṅ
where we have defined
and
Typical values for the different constants are plotted in Figure 3 . Since ΩΩ < 0, equations (52) and (53) have a positive term, proportional to the spin-down power, which arises from the change in the equilibrium concentrations of each particle species with spin-down and makes the chemical imbalances grow. The remaining terms, opposite in sign to η ∞ npe and η ∞ npµ , account for the effect of reactions trying to restore beta equilibrium. Equation (51) has the photon luminosity as a negative term, and the net contribution of neutrino reactions, equation (48), which may be positive or negative depending on the absolute value of ξ npe and ξ npµ . For numerical calculations, the evolution of ΩΩ was computed assuming magnetic dipole braking with no field decay, relating magnetic field, rotation period, and period derivative by the conventional formula B ≃ 3.2 × 10 19 PṖ G, where P is measured in seconds.
RESULTS AND DISCUSSION
Thermal Evolution
A typical solution of equations (51), (52), and (53) is shown in the left panel of Figure 4 . First, the temperature starts falling as in the conventional cooling case, while the chemical imbalances grow due to spin-down compression. At some point, the ratios ξ npe and ξ npµ (right panel of Figure 4 ) are big enough, so that the net contributions of neutrino reactions, equation (48), are positive, and their sum exceeds L ∞ γ . The temperature then starts rising. The chemical imbalances continue to grow, more slowly than the temperature and hence reducing ξ npe and ξ npµ . Finally, the star can arrive at a quasi-equilibrium state, where the rate at which spin-down modifies equilibrium concentrations is the same as the rate at which reactions drive the system towards the equilibrium configuration, with heating and cooling balancing each other (Reisenegger 1995) . The subsequent thermal evolution can then be approximated by the simultaneous solution of the equationsṪ ∞ = 0 andη ∞ npe =η ∞ npµ = 0. We discuss this quasi-equilibrium solution in detail in §4.2.
The pure modified Urca case (L De =L Dµ = 0) is the simplest to analyze. Figure 5 shows the thermal evolution of the same star as in Figure 4 , this time with different initial conditions of internal temperature (left) and chemical imbalances (right). The spin-down parameters were chosen so that the arrival at the quasi-equilibrium state is clearly visible, the short-dashed lines being the quasi-equilibrium solutions. We note that, in both cases, the value of the temperature at the quasi-equilibrium state and the time required to arrive do not depend on initial conditions. Figure 6 we show the thermal evolution of three different stellar models built with the same EOS, with identical initial conditions and spin-down parameters. The 1.4M ⊙ star is the same as that of Figure 5 , with only modified Urca reactions in operation. The 2M ⊙ star has electron direct Urca operating, with the corresponding muon reaction forbidden. We see that the minimum temperature is higher and occurs at a much earlier time, after which the system reaches a "metastable" quasi-equilibrium state, corresponding to partial equilibration between T ∞ and η ∞ npe . However, η ∞ npµ continues to grow, leading the system to a final quasi-equilibrium state, determined by muon modified Urca. The 2.17M ⊙ star has direct Urca with electrons and muons. This time the final quasi-equilibrium state occurs even earlier than the "metastable" quasi-equilibrium of the 2M ⊙ star, with the temperature at about the same level.
If direct Urca reactions are open, solutions change noticeably. In
The Quasi-Equilibrium State
When only modified Urca reactions operate, it is possible to solve analytically for the quasi-equilibrium values of the photon luminosity L ∞ γ,eq and chemical imbalances η ∞ npe,eq and η ∞ npµ,eq , as function of stellar model and current value of ΩΩ. What makes these approximations possible is the high value of ξ npe and ξ npµ at quasi-equilibrium. From the right panel of Figure 4 , we see that, at quasi-equilibrium (t ∼ 10 7.5 yr), ξ npe ∼ ξ npµ ∼ 200. This enables us to ignore all but the greatest power in the functions H M and M M (equations 36, 37, and 47):
The error in this approximation, for x ∼ 200, is less than one part in 100. 
Solving for η ∞ npe,eq and η ∞ npµ,eq in equations (62) and (63), we get
where we have used equations (57) and (58) and the fact that I Ω,p = I Ω,e + I Ω,µ . Both chemical imbalances at quasi-equilibrium are positive, since ΩΩ and I Ω,i are negative. We finally replace equations (64) and (65) in (61), to obtain the photon luminosity:
An interesting feature of equation (66) is that it does not depend on envelope model. The reason is that the limit η ∞ ≫ kT ∞ implies that reactions are completely determined by chemical imbalances, eliminating any dependence on internal temperature. The energy released is divided in fixed fractions between neutrino emission (1 − [C M /C H ] = 3/8) and heating (C M /C H = 5/8), the latter being radiated entirely as photons. Note also that the ratio η ∞ npe,eq /η ∞ npµ,eq depends only on EOS and stellar model, and is of order unity, thus we will make reference to either of them as η 
whereṖ −20 is the period derivative measured in units of 10 −20 , and P ms the period in ms. Values for different stellar models built with the A18 + δυ + UIX* EOS are shown in Figure 3 . Using equation (6), we can rewrite equation (67) 
This time, the uncertainty due to EOS and stellar model is smaller than 25%. We can also write the ratio of quasi-equilibrium photon luminosity (and thus total heating rate) to the spin-down powerĖ
where α = 2.42 is the exponent of the envelope model of Potekhin et al. (1997) (see §3.3), shows that increasing |ΩΩ| reduces ξ ℓ , decreasing the accuracy of the analytical approximation, although very slowly.
Effect of Hyperons
Although we did not include hyperons in our calculations, we may ask how their presence could modify the thermal evolution. The first particles to appear after muons are probably the Σ − and Λ 0 hyperons, which require the introduction of two additional chemical imbalances:
Once hyperons are present, the following non-leptonic reactions are open (e.g., Langer & Cameron 1969) :
Reaction (73) proceeds via weak interactions, since it does not conserve strangeness, while (74) proceeds via strong interactions. Both reactions have timescales several orders of magnitude shorter than beta processes (Langer & Cameron 1969) . Therefore, imbalances (71) and (72) remain small compared to η npe and η npµ , and reactions (73) and (74) contribute negligibly to the total heat generation. Moreover, since chemical imbalances associated to direct or modified Urca reactions with hyperons are linear combinations of η nnΣp , η nΛ , η npe , and η npµ , the latter two will determine the heat generation through both nucleon and hyperon reactions.
In order to assess the importance of including the Urca processes involving hyperons in addition to the nucleon processes, consider, as an example, the Σ − direct Urca reactions
whose associated chemical imbalance is η Σne = η npe − η nnΣp ≈ η npe . Their net effect on equations (52) and (53) is to enhance the electron direct Urca rate according toL ′ De =L De +L Σne , reducing the chemical imbalance and thus the stellar surface temperature. This correction is small, since direct Urca reactions with hyperons are at least a factor 5 weaker than their nucleon analogs (Prakash et al. 1992) . For the pure modified Urca case, it can be checked from equation (66) that the correction to the surface temperature introduced by adding several reactions involving hyperons is a factor [L n /(L n +L h )] 1/28 , whereL n andL h are the nucleon and hyperon Urca luminosities, respectively. Thus, the corrections due to hyperons in a purely modified Urca or purely direct Urca scenario are fairly negligible.
The only important effect of hyperons in the context of rotochemical heating is that, in their presence, conditions for direct Urca processes may become more easily satisfied, as is the case with reactions involving Λ 0 (Prakash et al. 1992) . The steep increase of the proton concentration with the appearance of Σ − hyperons (e.g., Glendenning 1997) can also cause the condition for nucleon direct Urca to be satisfied at lower densities than if hyperons are excluded from the models.
Conditions for Arrival at the Quasi-Equilibrium State
We may now ask which of the known MSPs are likely to be in the quasi-equilibrium state. To answer this question, we need to know how long it takes to arrive at the quasi-equilibrium state, and if real pulsars are older than this time. Since the negative "equilibration" terms due to reactions in equations (52) and (53) are important only for imbalances near their equilibrium values (recall the limit ξ ℓ ≫ 1), we can assume that the initial evolution of η ∞ ℓ is due only to ΩΩ:
Integrating over time, we get η
For the true solution to have reached the quasi-equilibrium state, this approximate solution must exceed η ∞ ℓ,eq (ΩΩ). Using equations (64) or (65), together with equation (77), we may express this condition as an upper limit on the initial spin period
(Here and in the rest of this subsection, we assume that only modified Urca processes are active.) Given the current spin parameters of a pulsar, condition (78) gives the highest initial period it can have had, so that enough time has elapsed for it to have reached the quasi-equilibrium state. For MSPs, the constant A is generally small. For a 1.4M ⊙ star built with the A18 + δυ + UIX* EOS, we get
Values for other stellar masses are shown in Figure 3 . From equation (76), we can estimate a characteristic timescale for equilibration as
Reisenegger (1995) calculated the thermal evolution of neutron stars with rotochemical heating for different values of the magnetic field, using the magnetic dipole braking model with no field decay. His conclusion was that a necessary condition for the quasi-equilibrium solution to be a good approximation to the exact one is that the spin-down timescale has to be longer than that for the growth of chemical imbalances. To quantify this, we estimate the spin-down timescale as the characteristic age,
and take the ratio of τ eq to it, getting τ eq τ sd = A.
(83) Figure 7 shows the internal temperature of our conventional star after the rise from the minimum temperature, for different initial values of A, with fixed initial τ eq . Dotted lines are the quasi-equilibrium solutions at the instantaneous value of ΩΩ. The figure suggests that, for high values of A, exact and quasi-equilibrium solutions depart from each other, whereas for small A, solutions remain "together". In fact, all solutions depart from each other, the departure being slower with time for smaller A. For more general spin-down laws with arbitrary braking index n = ΩΩ/Ω 2 , it can be shown analytically that this is true for 1 < n < 13. The increase in log (T ex /T qe ), where T ex is the exact solution and T qe the quasi-equilibrium one, is roughly linear with time. For A = 0.25 at t = 0, and assuming a standard braking index n = 3, T eq is ∼ 5% lower than T ex at t = τ eq , the difference growing 2% every 10 8 yr. Rewriting equation (80) in terms of the magnetic field,
where B 8 is the surface magnetic field in units of 10 8 G, we can easily understand the results of Reisenegger (1995) , since increasing B with fixed P 0 increases the initial value of A. Relating A at the present time and at t = 0 for an arbitrary, but constant, braking index,
shows that the former is greater than the latter for all reasonable values of n. Thus, a small current value of A is a good indicator that the star remains close to the quasi-equilibrium state, as long as it satisfies P 0 < P qe 0 .
Since constraints on the initial periods P wd 0 of a few MSPs have been obtained from the cooling ages of their white dwarf companions (Hansen & Phinney 1998) , we can check which objects are likely at the quasi-equilibrium state. In Table 2 , further discussed in §4.6, we show the range in P wd 0 for some MSPs obtained by Hansen & Phinney (1998) . We made no distinction between the n = 2 and n = 3 case, and adopted the widest possible range in P wd 0 . In Table 2 we also show the value of A and the upper limit on initial spin period P qe 0 required for the MSP to be currently in the quasi-equilibrium state. Among MSPs with constraints on initial periods, PSR J1012+5307 is the only one not satisfying the conditions. The small values of A imply that any initial periods substantially shorter than the current ones will leave the MSPs in equilibrium by the present time.
Predictions for PSR J0437-4715 and PSR J0108-1431
Recently, Kargaltsev et al. (2004) measured ultraviolet emission from PSR J0437-4715, the most probable explanation being that it corresponds to thermal radiation. Since this object satisfies P wd 0 < P qe 0 with small A, we assume that it is already at the quasi-equilibrium state. In Figure 8 , we plot the blackbody fit of Kargaltsev et al. (2004) as dashed lines, which correspond to 68% and 90% confidence contours. We overplot our values of T ∞ s,eq for the spin parameters of PSR J0437-4715 , as function of R ∞ , for the EOSs listed in Table 1 . The bold lines show the range in R ∞ corresponding to the mass constraint of van Straten et al. (2001) , M P SR = 1.58 ± 0.18M ⊙ . The complete mass range for each EOS goes from 1M ⊙ to 0.95M max . The upper limit was chosen to avoid the divergence in the spin-down compression rate for masses near M max (see Figure 1) , which makes T ∞ s,eq also diverge due to I Ω,i (see equation 66).
The best agreement with observations is reached if only modified Urca reactions are present. When direct Urca reactions open, there are two abrupt drops in T ∞ s,eq with increasing stellar mass, the first one (∼ 10%) due to electron direct Urca, and the second (∼ 50%) due to muon direct Urca. This can be seen in Figure 8 for the curves calculated with BPAL11 and A18 + δυ + UIX*, as examples of only electron direct Urca, and in the curves corresponding to BPAL32 and BPAL33, which have electron and muon direct Urca.
Perfect agreement could be obtained by allowing masses within ∼ 1% of the maximum-mass non-rotating configuration, for the EOSs with only modified Urca. However, we consider this scenario very unlikely.
Using the EOSs which have only modified Urca reactions within the allowed mass for PSR J0437-4715, we can constrain the predicted effective temperature to the narrow range T ∞ s,eq = (6.9 − 7.9) × 10 4 K, about 20% lower than the blackbody fit of Kargaltsev et al. (2004) . There are three possible reasons why we are not matching their results:
1. We are not taking superfluidity into account. This would reduce Urca reaction rates, lengthening the equilibration timescale and raising the quasi-equilibrium temperature (Reisenegger 1997 ).
2. We are neglecting other heating mechanisms (some of them directly related to superfluidity), which could further raise the temperature at any stage in the thermal evolution. Nonetheless, in MSPs, all proposed mechanisms are less important than rotochemical heating (Schaab et al. 1999 ).
3. The thermal spectrum could deviate from a blackbody, in the same way as the isolated neutron star RX J1856-3754, which has a well-determined blackbody X-ray spectrum that underpredicts the optical flux (Walter & Matthews 1997) , indicating a more complex spectral shape of its thermal emission.
Kargaltsev and collaborators stress the fact that PSR J0437-4715, despite its much larger spin-down age, has a higher surface temperature than the upper limit for the younger, "classical" pulsar J0108-1431, T ∞ s < 8.8 × 10 4 K, inferred from the optical non-detection by Mignani et al. (2003) . In this regard, we note that the spin-down power (∝ ΩΩ) of the latter pulsar is 680 times lower than that of J0437, making rotochemical heating substantially less important. Its equilibration timescale, according to equation (81), is 2 × 10 11 yr, longer than the age of the Universe and certainly much longer than the spin-down age of the pulsar. Thus, it is not expected to be even close to reaching its quasi-equilibrium state (although it is old enough to have lost its initial heat content). Its actual temperature should therefore be substantially smaller than the predicted quasi-equilibrium surface temperature, which is already (680) 2/7 ≈ 6 times lower than that of J0437, well below the observational upper limit.
Predictions for other millisecond pulsars
In Table 2 , we provide predictions of T ∞ s,eq (assuming modified Urca reactions and no superfluidity) for several MSPs. Since the high-energy part of their expected thermal spectrum is highly absorbed by neutral hydrogen in the interstellar medium, we chose to order them by decreasing predicted quasi-equilibrium flux in the low-energy (Rayleigh-Jeans) regime,
where d is the distance to the object. Each F RJ,eq entry in Table 2 is scaled by the value for PSR J0437-4715. The first group of MSPs after PSR J0437-4715 are nearby, single MSPs, for which F RJ,eq is expected to be larger than for the binary MSPs, for which the initial period has been estimated from their white dwarf companion (see §4.4). We consider the former as the primary targets for observations analogous to those of Kargaltsev et al. (2004) . However, even for PSR J0437-4715, the nearest and brightest MSP known to date, the detection of thermal emission is rather difficult, so the observation of other objects of Table 2 will be a real challenge. The second group of MSPs are those with estimates for P wd 0 . However, their low fluxes make the detection of their thermal emission impossible for current instruments.
Optical detections are even more daunting than those in the ultraviolet. The extrapolated RayleighJeans spectrum of PSR J0437-4715 gives magnitudes U = 26.8, B = 28.1, and V = 28.5, which are completely overwhelmed by the white dwarf companion. The most promising single MSPs have about three times lower expected fluxes at Earth, i. e., are another 1.2 magnitudes fainter, beyond the reach of current telescopes.
CONCLUSIONS
In this work, we have made an extensive study of the effect of rotochemical heating in non-superfluid millisecond pulsars. We have set up a general formalism for the thermal evolution in the framework of general relativity, which takes the stellar structure fully into account and can be extended to include both superfluidity and exotic particles. A key ingredient in this formalism is the spin-down compression rate based on the slow-rotation approximation of Hartle (1967) .
The main consequence of rotochemical heating is the arrival at a quasi-equilibrium state, in which the effective temperature of a neutron star depends only on the current value of the spin-down power. We argue that most of the known MSPs are very likely in the quasi-equilibrium state. If only modified Urca reactions are allowed, the quasi-equilibrium bolometric photon luminosity in the non-superfluid case can be well approximated by 
independent of the neutron star envelope model.
The influence of EOS and stellar model on the quasi-equilibrium state is very weak, the only significant factor being the occurrence of direct Urca reactions. If they are open for both muons and electrons, quasiequilibrium temperatures are low, as in the conventional cooling case. If they are open only for electrons, the system arrives at a "metastable" quasi-equilibrium, after which it proceeds as if only modified Urca reactions with muons were present. The highest temperatures are reached when all direct Urca reactions are forbidden.
Even our highest predicted quasi-equilibrium effective temperatures are lower than the blackbody fit of Kargaltsev et al. (2004) to the UV emission of PSR J0437-4715 by about 20%. The inclusion of superfluidity will likely raise our predicted temperatures, being the subject of future work.
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A. Coincidence of Surfaces of Constant Pressure and Energy Density in General Relativity
In this Appendix, we show that, in uniformly rotating, relativistic stars in hydrostatic equilibrium, composed of a perfect fluid, the surfaces of constant pressure and those of constant energy density coincide, as in the Newtonian case, even if the equation of state is not barotropic. In addition, the gravitational redshift is constant on the same surfaces. This result, together with the diffusive equilibrium condition, allows us to describe the spin-down compression in terms of Lagrangian changes of thermodynamic variables on isobaric surfaces enclosing a fixed baryon number, since all thermodynamical quantities are constant on each isobar. As a by-product, we also provide an alternative derivation of the equation of hydrostatic equilibrium for uniformly rotating, relativistic stars.
The assumption a perfect (i.e., non-dissipative) fluid, whose stress-energy tensor depends only on the energy density ρ and (isotropic) pressure P , is of course not strictly true in the astrophysical situation of interest in this paper, in which entropy is generated by non-equilibrium weak interactions, particle diffusion, and heat conduction, and lost (from the star) through the emission of neutrinos and photons. However, the total energy dissipated (and eventually lost) along the star's lifetime is much smaller than that associated with the mass, random motions, and interactions of its particles, as well as its rotation, and the time scale of the release of this energy is many orders of magnitude longer than the dynamical time and the rotation period of the star. Therefore, the contribution of these dissipative processes to the energy and momentum fluxes is extremely small and can be neglected in the stress-energy tensor. This is in line with the usual approach (also used in neutron star cooling calculations and in the rest of this paper) of neglecting thermal effects when calculating the structure of the star, which is regarded as a fixed background on which thermal processes take place.
The metric of a stationary, axially symmetric system can be written in the form (see, e.g., Hartle 1967):
where the metric coefficients are functions of r and θ only. The components of the 4-velocity of any fluid element of the uniformly rotating star are u r = u θ = 0, and u φ = Ωu t , with
We note that 1/u t is the gravitational redshift factor, which corrects the energy of a freely moving particle, as it is measured by observers co-moving with fluid elements on different surfaces inside the star.
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The energy-momentum conservation equation can then be written as
where T αβ are the components of the stress-energy tensor of a perfect fluid. Applying to this equation a projection operator orthogonal to the four-velocity, ℘ αβ = g αβ + u α u β (Schutz 1985) , we get
Since the only non-vanishing terms are those with γ and δ taking the values {t, φ}, the relevant connection coefficients are
Hence, equation (A3) yields
Using equation (A2), we arrive at the equation of hydrostatic equilibrium
which is in agreement with the result of Cook, Shapiro & Teukolsky (1992) , for the special case of rigid rotation. This shows that the redshift factor 1/u t is also constant on the surfaces of constant P . Thus, we can write dP d ln u t = −(ρ + P ),
which implies that ρ is also constant on the same surfaces.
B. Continuity of the Compression Rate across Phase Transitions
In this Appendix, we show that each term of the spin-down compression rate, equation (18), is continuous across a phase transition, even if the energy density and baryon number density change discontinuously. We use units with G = c = 1.
The discontinuous quantities in the derivative (dN/dP ) Ω 2 ,A , equation (25), are n and dP/dr. The Gibbs free energy per unit volume for npeµ matter in beta equilibrium at T = 0 is
Since, at a phase transition, the pressure P and neutron chemical potential µ n are continuous, the fractional size of the number density jump can be written as
where ∆n is the positive jump in number density. From the relativistic stellar structure equations, we have
The fractional size of the corresponding jump across the phase transition is ∆dP/dr dP/dr
Thus, from equations (B2) and (B4), we see that the quantity n/(dP/dr) is continuous across a phase transition, and so is (dN/dP ) Ω 2 ,A .
Regarding the derivative (dN/dΩ 2 ) P,ε0 , equation (19), since the jump in n is integrated in equation (21), N (ρ c , P, 0) is continuous. For N (ρ c , P, Ω 2 ), the jump in n due to the last term of equation (24) is cancelled by the contribution from dn/dr in the integral. Using
where δ is Dirac's delta function and r t = r(ρ c , P t ), with P t the pressure at which the phase transition occurs, we can write
where Θ is the step function. Equation (B6) is equal to minus the jump (increasing r) of the last term in equation (24).
Finally, for the derivative (dN/dρ c ) P,Ω 2 , the contribution from (∂n/∂ρ c ) r to the integral in equation (26) cancels out the discontinuity due to n in the first term. Using
where P (ρ * c , r) = P t , and r i (ρ c ) the radial coordinate at which (∂n/∂ρ c ) r = 0, we can write
which is the negative of the jump (increasing r) of the first term in equation (26), since the sign of (∂r/∂ε 0 ) P is also (r i − r t )/|r i − r t |.
The right panel of Figure 1 shows the spin-down compression rate inside the core of several stellar models built with the A18 + δυ + UIX* EOS, which has a phase transition. The occurrence of the transition can be seen as a (fairly harmless) discontinuity in the derivative of each curve. Fig. 3. -The four higher panels show results for constants defined in section § 3.6, obtained from different stellar models built with the A18 + δυ + UIX* EOS. The two lower panels show the dependence on stellar model of the quasi-equilibrium photon luminosity (equation 66) and the constant A, assuming P ms =Ṗ −20 = 1 and using the A18 + δυ + UIX* EOS. For the latter, the two values are obtained by taking ℓ = npe and ℓ = npµ in equation (79), respectively. .-Evolution of surface temperature for different stellar models, calculated using the A18 + δυ + UIX* EOS, with fixed initial conditions. The mass of each configuration is labelled on each curve. The 2M ⊙ star is slightly above the threshold for direct Urca with electrons, but below the threshold for muon direct Urca. The 2.17M ⊙ star is near the maximum-mass non-rotating configuration, and has direct Urca with electrons and muons. The spin-down parameters are the same as in Figure 4 . a Intrinsic spin period derivative, based on the latest available distance and proper motion. In cases where these quantities are not known well enough for a reliable proper-motion correction, the measured period derivative is given as an upper limit.
b Parallax distance when available, otherwise dispersion-measure distance based on the NE2001 Galactic electron density model . In case of PSR J1024-0719, upper limit based on measured proper motion and condition of positive intrinsic period derivative.
c Only rough reference value, since calculated as ratio of two upper limits.
